Effect of the local variation of the order parameter on an isolated state inside the energy gap in a superconductor with a magnetic impurity is studied by the use of a simplified model. It is verified that in a weak limit of the impurity potential such an effect leads to an unimportant modification of the energy of the isolated state but induces new innumerable isolated states. § I.
Recently many authors have studied the s-d problem in superconductors with magnetic impurities.
)-!)
One of the important issues of their studies is on the existence of an isolated state inside the energy gap in the superconductor. All previous authors have treated the problem under the assumption that a uniform order parameter is given in a superconductor.
From a more realistic point of view, the order parameter must be determined self-consistently in the true ground state including the effect of a magnetic impurity. Then it must no longer be uniform but locally modified near the impurity site. But the effect of the local variation of the order parameter on the isolated state has not yet been studied even in a qualitative sense, and it might not be sure even whether the isolated state still exists or not.
In this paper, we should like to study the effect of the local variation of the order parameter on the isolated state by the use of a simplified model and a standard perturbation technique. The essential point of our results is: In the weak limit of the impurity potential, the effect of the local variation of the order parameter on the isolated state leads to an unimportant modification of the energy of the main isolated state and results in an appearance of an infinite number of newly induced isolated states.
In § 2, the model and the formulation of our problem will be presented, and in § 3 the procedure of calculating an energy of the isolated state is illustrated in some detail. Finally some remarks on our model and result will be given in § 4. 
. Model and formulation
Here we shall think over a system of superconducting electrons in a selfconsistent pair-potential and in a single spin-dependent impurity-potential located at the origin of the coordinate space. Then our model Hamiltonian 1s given by (2 ·1) where c% 11 , ck 11 are creation and annihilation operators of free electrons respectively, and ck kinetic energy measured from the fermi energy, v 11 spin dependent impurity pote·ntial (here we assume v 1 = -v~ = v.) and L1 (q) is the pair-potential which is determined self-consistently in the proper groundstate, (2·2)
If we were to assume a uniform pair-potential (namely, L1 (q) = L/ 0 • iJq,o) to be given, our problem would be solved exactly.
4 l The energy {1) 0 of the isolated state inside the gap would be given by
where L/ 0 and Po are the energy gap and the density of states at the fermi surface in the pure superconductor. Now, we shall return to our own problem. For simplicity, we shall only think over the one-dimensional case hereafter, and the extension to the threedimensional case will be discussed in the last section.
At first, we separate the plane wave states to symmetric and anti-symmetric waves with respect to the origin,
The Hamiltonian is rewritten with these new operators as*l From Eq. (2 · 7), one can see that the system can be divided into two sub-systems which can be treated independently but similarly except for the determination of their self-consistent pair potentials. Here we only discuss the sub-system of aparticles, and the discussion of the other sub-system will be given in the last paragraph of the following section.
We wish to treat this model by the standard Green function method.
Equations for the Green functions can be easily derived as follows: These equations can also be rewritten as follows: 
The isolated state inside the gap
To discuss the isolated state inside the gap by our model, it is sufficient to consider Eq. 
.:11 (k, q) :::::
Finally, Eq. (2·11b) is rewritten as follows:
w+sk w+sq
It should be noticed here that for a practical calculation the summation over momentum, 2/ N :Ek 2 o, will be replaced by the integration over energy, Po· f dsk.
[
a] A uniform pair potential (i.e., L1 (q) =Llo · Oq,o)
At first, to clarify the meaning of our approximation procedure we shall take the case which has been discussed in § 2 as an exactly soluble model where
Here some explicit forms of St (q, k) and Sr (k, q) are needed to solve Eq. (3 · 3).
By the usual perturbational treatment of the canonical transformation method, we can get Sand S (k, q) in powers of v from Eq. (2 · 6). In Appendix A its calculation procedur:e is illustrated and some results are given. Substituting Eq. (A· 8) to Eq. (3 · 4) we obtain the following result up to the most dominant terms in each power of v:
(ep: the Fermi energy of the pure metal)
Substituting Eq. (3 · 5) to Eq. (3 · 3), we finally obtain an equation for GatCk, q; w).
N (w+sk) (w+sq) 
(for lwi<Lio) (3. 7')
From the above equations we find that the energy w 0 of an isolated state inside the gap IS given as a zero of the denominator of Eq. (3 · 7'). Now we are going to discuss the effects of the local variation of the pair potential on the isolated state inside the gap. Its effects can be taken into account in Eq. (3 · 2) on the same footing as those of Sa (k, q), and in this case we must know an explicit form of L1 (q) in powers of v. In this paper, however, we shall content ourselves only to know an expression of the lowest non-trivial term of L1 (q) and its effect on the isolated state, because a general treatment of L1 (q) includes an essential difficulty in its mathematical manipulation as it will be seen later. Then we obtain from Appendix B in the weak coupling limit (3·9) . and accordingly 
The energy {1) 0 of the isolated state inside the gap is given as an energy where the determinant of the coefficients of Eq. (3 ·14) vanishes, within the approximation to the lowest order term. § 4.
Concluding remarks
Before we proceed to discuss the results, some remarks should be made about our manipulation of the problem. From Eq. (A· 8) we can see that the diagonal element of the transformation coefficient for the field operators diverges due to the normalization condition. It makes an essential difference between the case of a non-magnetic impurity and the present case when the pair interaction terms of the Hamiltonian is rewritten with the new set of field operators. As is well known, 6 > in the former case the divergent terms are cancelled out accidentally only for the pairs with time reversal symmetry, and the coherent state of such pairs (the B.C.S. state) is still maintained. On the other hand, in the latter case the divergent terms are not cancelled out for any pairs, and such a simple coherentpair-approximation as in the former cannot be applied. In fact, these divergences can only be removed in the curly bracket of the second terms on the right-hand side of Eq. (2 ·11a) for the first time.
Another important problem which we have not considered explicitly is the charge neutrality in a real metal, where a charge density fluctuation over a large distance is fully suppressed by the long-range Coulomb interaction between electrons. In our case, however, it can be proved that the local variation of the pair potential does not accompany such a long-range charge fluctuation and that the essential feature may not be affected. by the restriction of charge neutrality.
So far we have only discussed the one-dimensional case. The formulation can be extended straightforward in the three-dimensional case by the use of the partial waves instead of the plane waves. Then the Hamiltonian (2 ·1) is rewritten as follows:
where the small suffices l and m stand for angular-momentum quantum number and magnetic quantum number, respectively. From Eq. (4 ·1), one can see that the Hamiltonian is also separable except for the case of determination of the self-consistent pair potential. S-wave states are only scattered by the impurity potential, and essentially the same result as Eq. (3 ·18) can be obtained except for the numerical factors of the last two terms. Each sub-system of other higher angular-momentum states behaves essentially similarly to the sub-system of bparticles in the previous discussion, and it results in an infinite number of isolated states inside the gap which are induced by the local variation of the pair potential.
Finally we discuss our own results briefly. The effect of the local variation of the pair potential leads to an unimportant modification of the energy of the main isolated state in a weak limit of the impurity potential, resulting in the appearance of innumerable isolated states which accumulate to the gap edges. The latter effect will become important if the impurity potential be rather strong, especially for the experimental observation.
Then, in order to determine S, we shall use a standard perturbation technique, I.e., we shall obtain S in powers of v 11 .
When S is assumed to be given in a power series of v, I.e., +···.
S=S1
(A·3)
Here we can determine Si so that the off-diagonal terms might 'vanish in each power of v. For example, S 1 can be determined by the following equation: . .
By the use of the above results, SO" (q, h) can be calculated straightforward according· to its definition, Eq. (2·6a).
Appendix B
The self-consistent pa£r potential J (q) According to the definition Eq. (2 · 2), the self-consistent pair potential J (q) can easily be determined in powers of · v by the use of the original expression of our Hamiltonian, Eq. (2 ·1), rather than the use of Eq. (2 · 7). Now we introduce another set of Green functions, 5 ) (B·l)
Then, the pair potential J (q) can be written as follows:
J(q) = ~ ~ i ;:) S dw~Ft+ (k-q, k; w) ·e-iw~-. 
where we have used the condition of the weak coupling limit, I.e. .:1 0 / (J)n-<1 ((J)n: the De bye frequency of the pure metal).
